Two dimensional potential flow was used to determine the velocity field within a laboratory centrifugal pump. In particular, the finite element technique was used to model the impeller and volute simultaneously. The rotation of the impeller within the volute was simulated by using steady state solutions with the impeller in 10 different angular orientations. This allowed the interaction between the impeller and the volute to develop naturally as a result of the solution. The results for the complete pump model showed that there are circumferential asymmetries in the velocity field, even at the design flow rate. Differences in the relative velocity components were as large as 0.12 m/sec for the radial component and 0.38 m/sec for the tangential component, at the impeller exit. The magnitude of these variations was roughly 25% of the magnitude of the average radial and tangential velocities at the impeller exit. These asymmetries were even more pronounced at off design flow rates. The velocity field was also used to determine the location of the tongue stagnation point and to calculate the slip within the impeller. The stagnation point moved from the discharge side of the tongue to the impeller side of the tongue, as the flow rate increased from below design flow to above design flow. At design flow, values of slip ranged from 0.96 to 0.71, from impeller inlet to impeller exit. For all three types of data (velocity profiles, stagnation point location, and slip factor) comparison was made to laser velocimeter data, taken for the same pump. At the design flow, the computational and experimental results agreed to within 17% for the velocity magnitude, and 2° for the flow angle. The stagnation point locations coincided for the computational and experimental results, and the values for slip agreed to within 10%.
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INTRODUCTION
In order to better understand and predict the hydraulic and dynamic performance of centrifugal pumps, knowledge of the flow fields within the impellers and volutes of these machines is needed. Japikse (1976) , Adler (19S0), and McNally and Sockol (1985) have all published articles reviewing the status of turbomachinery analysis. Their reviews indicate that turbomachinery analyses usually consider either the rotating or non-rotating components individually.
McDonald and Howard (1973) reviewed Busemann's conformal transformation method of potential flow analysis. The analysis produces an exact solution, but is limited to impellers with zero thickness logarithmic spiral blades. The impeller must be analyzed by itself.
Other incompressible flow analyses have been performed by Keck (1980) , Singh and Vasandani (1983) , and Daiguji ( , 1953 . These authors used the finite element method to solve the two-dimensional and three-dimensional potential flow equation. In all cases either the rotating or non-rotating component was considered, but not both together.
Three-dimensional potential flow was used by Laskaris (1978), hIamed and Baskharone (1980) , and Gunes and Menguturk (1984) to study compressible flow in turbomachinery. Laskaris, and Gunes and Menguturk, studied rotor blade rows, while flamed and Baskharone considered a turbine scroll. Again, rotating and non-rotating components were considered separately.
Researchers who have considered both the impeller and volute together have typically used one of the following techniques:
Superposition of source and vortex to simulate an ideal impeller operating in a volute.
2.
Analysis of impeller and volute separately with the solutions matched at the interface between the two components.
3. Through flow calculations based on pitch-averaged meridional equations. Csanady (1962) , Worster (1963) , and Senoo (1970) used the first technique to evaluate the pressure distribution around an impeller operating in a volute. Csanady and Worster assumed the ideal impeller flow with uniform flow blade to blade, and no slip. Senoo also assumed uniform flow blade to blade, but did allow for slip. In all three cases the interaction between the impeller and volute produced circumferential variations in the pressure distribution. These variations were present even at design flow. Kensaku et al. (1980) , and Adkins and Brennen (1986) used the method of solving the impeller and volute flows separately and then matching the solutions at the interface between the components. Both of these studies calculated forces acting on the impeller due to the interaction between the impeller and volute. Although the force was a minimum at the design flow, it did not necessarily go to zero.
Through flow calculations based on pitch-averaged meridional equations were performed by Hirsch and Warzee (1976) . They calculated the velocity fields for the rotor and stator rows together, in both a single stage and a two stage axial fan. The method can also be applied to radial machines. In both axial and radial machines, only a single blade passage is considered because the technique assumes axisymmetric flow.
When the rotating and non-rotating components were considered together the solutions showed significant asymmetries in the flow fields. These asymmetries were present even at the design flow rate. Therefore, both the impeller and volute should be considered together to predict the performance of centrifugal pumps.
The present work seeks to bridge the impeller and volute solutions by determining the flow fields in both components simultaneously. Two-dimensional potential flow analysis is used to calculate the velocity field in a laboratory centrifugal pump. The finite element method is used to model the impeller and volute together. This allows the interaction between these components to develop as a natural consequence of the solution. Results presented here include velocity profiles for the impeller, determination of the tongue stagnation point location, calculation of the slip within the impeller, and comparison to measured velocity data for the same pump. This direct comparison provides a measure of the adequacy of potential flow analysis for predicting the centrifugal pump flow.
GOVERNING EQUATION
The underlying assumptions for the potential flow analysis of a centrifugal pump are the flow is inviscid and isentropic, and enters the pump with uniform total enthalpy and zero vorticity. Based on these conditions, Kelvin's circulation theorem guarantees that the absolute flow is irrotational throughout the pump. The equation governing the flow throughout the pump is the continuity equation
In the case of an incompressible fluid, equation (1) 
An interesting characteristic of the relative flow, that is a result of the assumptions required for the potential flow analysis, is
VxW=2w .
The importance of this characteristic will become evident when the computational results are compared to the measured data.
In addition to the governing equation (2), appropriate boundary conditions must be specified. At non-rotating solid surfaces (volute surfaces) the boundary condition is
For rotating surfaces (impeller) the appropriate boundary condition is n • W = 0 (6) which implies n • 0¢A =n • wRe © .
In either case, equation (5) or equation (7), the boundary condition forces the flow to be tangent to the surface. At the inlet to the pump a uniform radial velocity is assumed
and at the exit a uniform flow is also assumed n • DOA = VE .
The values of V1 and V E are picked such that mass flow is conserved within the pump. A more detailed discussion of the governing equation and the appropriate boundary conditions is given in Miner (1988) .
PUMP GEOMETRY AND COMPUTATIONAL DOMAIN
Both the impeller and volute used in this study have a logarithmic spiral design. Figure 1 shows the geometry of the Figure 1 Pump Geometry pump. The impeller has four 16° log-spiral blades. At the trailing edges the blades are overfiled on the pressure surface to produce a sharp trailing edge. The eye of the impeller is at a radius of 38.1 mm, and the blade leading edges and trailing edges are at radii of 50.8 mm and 102 mm, respectively. The volute is also a logarithmic spiral with a 7 degree angle. For this analysis the impeller and volute centers are coincident. The clearance between the impeller outer diameter and the tongue of the volute is 6.4 mm. The operating speed and design flow rate for the pump are 620 RPM and 6.3 L/s. The geometry shown in Figure 1 is identical to the geometry reported in Miner et al. (1989) , and the measured data from that study will be compared to the computational results reported here.
The finite element mesh used for the complete pump analysis is shown in Figure 2 . In this mesh the trailing edge of one of the blades is shown aligned with the tongue. In addition to this mesh, meshes were generated for the impeller in nine other angular orientations. These other orientations were: Due to the four fold symmetry of the impeller only a rotation through 90° is needed. For all ten meshes the number of nodes was roughly 2400, and the number of elements was roughly 2000. These ten meshes were generated to simulate the rotation of the impeller within the volute. This was done so that the computational method would more realistically represent the experimental configuration, where the data collection point is fixed and the impeller rotates past it.
At the inlet to the computational mesh a uniform radial flow is assumed. The design flow boundary condition becomes 
along the plane of y equals 71.5 mm. The inlet and exit from the mesh were located far enough upstream and downstream such that the uniform flow conditions could be used without creating an artificial influence on the flow inside the pump.
At any solid surface, blade or volute, the flow must be tangent to the surface. Along the blade surfaces the relative velocity (W) must be tangent to the blade. This makes the suction surface boundary condition
and the pressure surface boundary condition
At the volute surface the absolute flow (VI A) must be tangent, making the volute surface boundary condition
For all of the boundary conditions outlined above the outward facing normal (n) is used.
In order to do a potential flow analysis the solution domain must be a simply connected region. Therefore, four cuts are made in the mesh at the trailing edges of the blades. Across these cuts the potential field may be discontinuous. However, the velocity field must remain continuous. It is the discontinuity in the potential field that allows the Kutta condition to be satisfied at the trailing edges of the blades. 
I
Along the cuts, boundaries are established by defining two sets of nodes having the same coordinates. This boundary is illustrated in Figure 3 . In order to insure the continuity of the velocity field, the components of velocity parallel and perpendicular to the boundaries AB and A TBT must be equated. The parallel component is equated by requiring the values of potential along AB to equal those along A TBT plus a constant OAB = OATBT + C .
The components perpendicular to the cut are equated by matching the gradients of the potential across the cut 00 =
AB LATBT
This completes the specification of the geometry and boundary conditions used for the complete pump analysis. A more detailed presentation of the finite element mesh parameters and the potential jump can be found in Miner (1958) . A complete presentation and discussion of the computational results are presented by Miner (1988) .
Results are presented for four circumferential positions around the impeller 0°, 45°, 180°, and 270°. These positions are used because they correspond to the positions used for the measured data reported in Miner et al. (1989) . Figures 4 through 6 are the relative velocity profiles for 100%, 75%, and 125% of design flow, respectively. For each flow, results at a radius of 100.3 mm are presented. The velocities plotted are computed at the centroids of the elements. Therefore, the velocities shown at the pressure and suction surfaces are not on the blade surfaces themselves. This, along with the fact that at the trailing edges the blades are tapered to a point and the Kutta condition is imposed, causes the relative flow at the pressure and suction surfaces to appear to not follow the blade surface at a radius of 100.3 mm. At the other radii within the impeller, the angle of the relative velocity is tyipcally within + 2° of the blade angle. However, the complete pump analysis predicts significant circumferential variations in the velocity field, even at the design flow. These variations imply that the momentum flux around the impeller is not symmetric. This asymmetry leads to a radial unbalance force acting on the impeller. Therefore, the unbounded impeller analysis is not sufficient for predicting the hydraulic and dynamic performance of the pump. The impeller and volute must be considered together to capture the interaction between the two components.
COMPARISON OF COMPUTATIONAL AND EXPERIMENTAL RESULTS

In a previous paper by Miner et al. (1989) laser
velocimeter data for the centrifugal pump of Figure 1 was presented. In this section a direct comparison is made between the measured velocity data and the velocities predicted using 2-D potential flow. This direct comparison shows the ability of the potential flow solution to predict the velocity field in the pump under consideration. Representative results are shown here, a complete presentation and discussion of the comparison is given by Miner (1988) .
Velocity Profiles
At the design flow, comparisons are shown for circumferential positions of 180° and 0°. At these positions the correlation between the experimental and the computational results was at its best and worst, respectively. Figures 7 through 9 show the comparisons for 0 equals 180°. At all three radii the potential flow results correctly predict the shape of the velocity profiles. The magnitude of the radial component of velocity is predicted to within 0.12 m/sec for all radii except 63.5 mm. At this inner radius the maximum difference is 0.24 m/sec, and is due to the fact that the measured velocity profile is heavily skewed toward the back face of the impeller. The abrupt 90° turn the fluid must make to enter the impeller causes this skewing, the 2-D analysis does not model this turn. Predicted values for the tangential velocity are within 0.46 m/sec for all three radii.
Another aspect of the pump performance that is shown in Figures 7 through 9 is the blade loading as a function of radius.
Blade loading is the difference in the pressure acting on the pressure and suction surfaces of a blade. This pressure difference is directly related to the difference between the magnitude squared of the relative velocity at the pressure and suction surfaces of a blade. Positive loading occurs when the relative velocity increases from the pressure surface to the suction surface. Under this condition the blades transmit energy to the fluid, by doing work on the fluid. At radii of 63.5 mm and 88.9 mm the computational results correctly show the positive blade loading of the measured results. At 100.3 mm the measured data shows a slightly negative loading, while the computational results predict zero loading. Throughout the impeller the trend in loading is correct, with the loading being drastically reduced at the outer radius. Imposition of the Kutta condition at the trailing edges of the blades drives the loading to zero at the outer radius of the impeller.° Luer Velocimeter Oat. between the impeller and volute, due to the presence of the tongue. For all three radii the trend and level of the radial velocity component is correctly predicted. Again, the discrepancy at the inner radius is due to the skewing of the measured velocity profile. At the outer radius (100.3 mm) the differences are caused by the non-ideal interaction that takes place between the impeller and tongue. Except for the data at R = 100.3 mm, the predicted tangential velocities also show the proper trend and level. At 100.3 mm the computational results predict a positive blade loading, while the measured results show a negative loading. Here again, the differences are due to the non-potential nature of the flow between the impeller exit and the tongue. However, even for this "worst" comparison the magnitude and direction of the predicted velocities are within 17% and 2° of the measured velocities, respectively
In the volute the magnitude and flow direction of the predicted velocities were within 10% and 50 of the measured data, respectively. This was the case for all four circumferential positions.
Comparisons were also done for flows other than the design flow. For flow rates above design, the agreement between the potential flow results and the measured data was similar to that seen for the design flow case. When the flow rate is below the design flow the agreement is not as good as that seen for the design flow. Figures 13 and 14 , for 40% of design flow, illustrate the problem. At the outer radius there is a region of negative radial flow near the suction surface, and at the inner radius the flow at the suction surface is suppressed relative to the pressure surface. These results indicate the presence of a recirculating region within the impeller. This recirculation, with outward flow along the pressure surface and inward flow along the suction surface, would be in the same direction as the rotation of the impeller. This results in a negative blade loading within the impeller, and the more the flow rate is below the design flow, the more pronounced the recirculation. However, in the potential flow formulation the relative flow has a circulation that is in the opposite direction of the impeller rotation. This was shown in equation ( By plotting the absolute velocity vectors in the vicinity of the tongue, the change in location of the tongue stagnation point as a function of flow rate can be seen. Figure 15 shows the stagnation point locations for both the computational and experimental results. Both sets of results show the stagnation point moving from the discharge side of the tongue to the impeller side, as the flow rate increases from below design to above design. At the design flow the location of the stagnation point for the potential flow results and the measured data coincide at the tip of the tongue. For both the computational and experimental results, the angle of the flow approaching the tongue varied by roughly ± 6 0 . This variation was caused by the change in the orientation of the blades with respect to the tongue as the impeller rotated.
Slip Factor Calculation
The final parameter compared is the slip factor. The equation used to calculate the slip for the potential flow analysis is ho=E [^j cot0+^ (17) where e is the vane blockage factor given by
U, R, and CA B are evaluated at the radius of interest. In computing the slip for the experimental data two techniques were used. The first used equation (17), where Q was the measured flow from an orifice meter. This technique does not include the effects of leakage flow. The second technique uses measured radial velocity data in place of Q/2xrRb. By using the measured data an attempt is made to account for all the flow passing through the impeller, flow making it to the pump discharge and flow leaking back to the impeller inlet. In addition, slip factors based on Busemann's work and Wiesner's work (1967) are included for comparison. Figure 16 shows the comparison of slip factors for five techniques: The mechanism that causes slip in the potential flow analysis is the relative circulation within the blade passages. At the blade surfaces the boundary conditions force the flow to follow the blade angle. However, in the interior of the passage no such constraint is imposed and the velocity distribution is driven by the relative circulation. This relative circulation is a result of the inertia of the fluid and the irrotationality of the potential flow. As a result, the fluid within the blade passage lags behind the motion of the blades.
This same effect is present in real impellers, in the inviscid core away from the hub, shroud, and blade surface boundary layers. However, due to the influence of the boundary layers, the effect of the relative circulation is somewhat diminished. The hub and shroud surface friction help to promote rotary motion within the impeller channel, which would cause the slip factor in the real impeller to be higher than the value predicted from the potential flow theory.
CONCLUSIONS
Potential flow was used to determine the velocity field within a laboratory centrifugal pump. In this analysis the impeller and volute were modeled together. This allowed the interaction between these components to develop naturally as a result of the solution. The solution showed significant asymmetries in the flow field that are a direct result of the interaction between the impeller and volute. In addition, the computational results were compared to measured data for the same pump. Specific conclusions are as follows:
1. Even at the design flow rate the flow within the impeller is not axisymmetric. Variations as large as 30% for the radial component and 13% for the tangential component were predicted.
These variations cannot be predicted in an unbounded impeller analysis.
2. The potential flow solution correctly predicts that the tongue stagnation point moves from the discharge side to the impeller side as the flow is increased from below design to above design.
3. At design flow the predicted slip factor ranged from 0.96 to 0.71, from impeller inlet to impeller exit, at no point did it reach unity. 4. At design flow, the computational results were within 17% for magnitude, and 2 0 for flow angle of the measured velocity profile.
5. At design flow, computational and measured slip factors were within 10%.
6. Predicted and measured tongue stagnation points coincided with each other.
